Diferencial

(Diferencial-prirastok po doty¢nici)

Nech funkcia f je diferencovatelna v bode xy. Potom funkciu
f(xg) - h premennej h € R nazyvame diferencial funkcie.
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Diferencial

(Diferencial-prirastok po doty¢nici)

Nech funkcia f je diferencovatelna v bode xy. Potom funkciu
f(xg) - h premennej h € R nazyvame diferencial funkcie.

yf

af

df

X XhAX |
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Linearizacia

f(x)=tg x
p(x)=1+2(x-77d)
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Taylorov polyném

o Ak je funkcia f n—krat diferencovatelna v bode xg, potom
funkciu

d" f(zo) = £ (x0).h"
proménnej h € R nazyvame diferencidlom n-tého radu
funkcie f v bode x.

@ Taylorovym polynémom funkcie f v bode xy nazyvame
polyném

/
) 0
T(@) = flao) + T8 (@ ) 4. 4 T
Pre g = 0 se T}, nazyvda Maclaurinov polyném.

@ Necht funkcia f je (n 4 1)— krat diferencovatelnad na nejakom
okoli bodu zg. Potom pre body toho okolia plati:

f(z) = Tn(z) + Run+t1(z);

(n+1)
Bna(@) = f(n T 1(;?)

(x —20)" ™, 9 =20+ a(z — 20);0 < a < 1.

IMA1 2024



Taylorov polyném, priklad

Taylorove polynémy pre funkciu y = e”.

20
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Interpolacia polynémom

Chceme najst polyném
ap + a1z + agx® + - + a,a" = f(),

ak pozndame:
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1. moznost—VVandermondova matica

Z tabulky zostavime siistavu rovnic s neznamymi ag, a1, az, - . ., Qy,.
ap + a1 + agx + -+ anxf = f(xo)
ao + a1z1 + agad + -+ +anzt = f(z1)
ap + @12y + a2ay + - +anzy = f(zn)

Potom dostaneme tzv. Vandermondovu maticu.

1 zo af -+ af | f(zo)
1 @ 2f - 2t | fz)
1 zn, Ty | f(@n)
Pomocou GEM dostaneme hladané koeficienty ag, a1, as, - .., Gy.
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1. moznost—VVandermondova matica

(Priklad, zadanie)

Zostavte interpolacny polyném pre namerané hodnoty:

x| 12| 3| 4
-10| 0] 10| -10
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1. moznost—VVandermondova matica

(Priklad, rieenie)

Podla navodu zostrojime Vandermondovu maticu:
11 1 1]|-10
1 2 4 8 0
1 3 9 27| 10
1 4 16 64| —10
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1. moznost—VVandermondova matica

(Priklad, riesenie)

Aplikujeme GEM a dostaneme riesenie a = (10, —45, 30, —5).
Preto hladany interpolacny polyném je:

f(z) = 10 — 45z + 302> — 5.

IMA1 2024



1. moznost—VVandermondova matica

(Priklad, riesenie)

Aplikujeme GEM a dostaneme riesenie a = (10, —45, 30, —5).
Preto hladany interpolacny polyném je:

f(z) = 10 — 45z + 302> — 5.

c
DR o5 T 3 7 3 o 0
A
0
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2. moznost—Lagrangeov interpolacny polyném

Mame
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2. moznost—Lagrangeov interpolacny polyném

Mame

Hladame:
Polyném L,, stupria najviac n taky, Ze L, (xo) = f(xo),

Ly(x1) = f(z1), ... Lp(zy) = f(zn).
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2. moznost—Lagrangeov interpolacny polyném

Mame

Hladame:
Polyném L,, stupria najviac n taky, Ze L, (xo) = f(xo),

Ly(x1) = f(z1), ... Lp(zy) = f(zn).
Pomo6zu nam:

Pomocné funkcie F;(z)¥i € 0,...,n také, Ze

sea={3 154
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2. moznost—Lagrangeov interpolacny polyném

Mame

Hladame:
Polyném L,, stupria najviac n taky, Ze L, (xo) = f(xo),

Ly(x1) = f(z1), ... Lp(zy) = f(zn).
Pomo6zu nam:

Pomocné funkcie F;(z)¥i € 0,...,n také, Ze

sea={3 154

Ako ich vymysliet?
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2. moznost—Lagrangeov interpolacny polyném

Mame

Hladame:
Polyném L,, stupria najviac n taky, Ze L, (xo) = f(xo),

Ly(x1) = f(z1), ... Lp(zy) = f(zn).

Pomé6zu nam:
Pomocné funkcie F;(z)¥i € 0,...,n také, Ze

sea={3 154

Ako ich vymysliet?

(x—zo)(x—21)...(r —zim1) (@ — Ti31) . .. (x — zp)
(a;i — l’o)(l’z — l‘l) N (:L’Z — xi—l)(l’i — xi—i—l) ce (JZZ — xn)
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. moznost—Lagrangeov interpolacny polyném

Lagrangeov interpolacny polyném n-tého stuprnia ma tvar
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, zadanie)

Néjdite Lagrangeov interpolacny polyném pre uzly:

Lo | L1 | T2 T3
€Ty 1 2 3 4
f(z:i) | -10] 0] 10 -10
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, riesenie)

Zostavime ly az l3, tak, aby l; pre x; nadobidalo hodnotu 1 a pre
xj, kde j # i nadobiidalo hodnotu O.

lo(z) = (x —2)(x—3)(x—4) :(a;—2)(x—3)(g;_4):
0 = Go—2)(z—3) @ —4)  (1—-2)(1-3)(1—4)
(x —2)(z —3)(z —4)
—6
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, riesenie)

h(z) = (@-D@E-3)(z—4) _(@-1@-3)(z—-4) _
M = — D)@ —3) e —4)  2-1)(2-3)2—4)

(x —1)(z —3)(x —4)
2
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, riesenie)

bo(z) = (x—1)(z—2)(z—4) _ (CC—].)(:L“—2)(JJ—4):
(2= D=2 —4) - B-DE-2)(3 9
(x—1)(z—2)(z—4)
—2
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, riesenie)

Ia(z) = (x —1)(xz —2)(x —3) :(x—l)($—2)([1;_3):
’ (3 —1)(w3 — 2)(z5 —3)  (4—1)(4—2)(4—3)

(z = D(z = 2)(z = 3)
6
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2. moznost—Lagrangeov interpolacny polyném

(Priklad, riesenie)

A uz mézeme zostavit Lagrangeov polyném:

Ls(x) = f(wo)-lo(z)+ f(z1)-li(z) + f (z2) - l2(x) + f(23)  I3(x) =

(x — 2)(:c_—63)(a: —4) +o. (x —1)(z ; 3)(z — 4)+

(r—1)(x—2)(z —4) (x = 1)(z—2)(z —3)

- +(~10) - - -

= ... ... ... =-b5x34+30z%2—45z+10

= -10-

+10-
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. moznost—Lagrangeov interpolacny polyném

(Dalsi priklad)

IN(TEE A
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. moznost—Lagrangeov interpolacny polyném

(Dalsi priklad)

IN(TEE A
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3. moznost—Newtonov interpolacny polyném

Mame
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3. moznost—Newtonov interpolacny polyném

Mame

F@) | flzo) [ .. | flzn)

Hladdame interpolacny polyném, ktory ma tvar:

Nyp(x) = ag + a1(x — xo) + az(x — xo)(x — 1) + ...
+an(r — x0)(x — 21)...(T — X4)

tzv. Newtonov interpolacny polyném.
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3. moznost—Newtonov interpolacny polyném

Mame

F@) | flzo) [ .. | flzn)

Hladdame interpolacny polyném, ktory ma tvar:

Nyp(x) = ag + a1(x — xo) + az(x — xo)(x — 1) + ...
+an(r — x0)(x — 21)...(T — X4)

tzv. Newtonov interpolacny polyném.

Ako vypocitame koeficienty a;?
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3. moznost—Newtonov interpolacny polyném

Existuje jednoduchy spésob, ako urcit koeficienty ag az a,.
Pouzijeme tabulku s tzv. pomernymi diferenciami. V tabulke
budt diferencie 0—tého az n—tého radu. Pomerné diferencie
0—tého radu sd funkcné hodnoty v uzloch x;.

Ak oznacime D; ako j—tu pomernti diferenciu k—teho radu a C;
ako j—tu pomernd diferenciu (k — 1)—teho radu. Potom plati:

(Cj — Cj-1)

D, = .
I (wy=mn)
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3. moznost—Newtonov interpolacny polyném

(Priklad, zadanie)

Najdite Newtonov interpolacny polyném pre uzly:

i | 12| 3| 4
flzi) | -10[ 0] 10| -10
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3. moznost—Newtonov interpolacny polyném

(Priklad, riesennie)

il x| f(z) l.rad 2.rad 3.rad
0—(—10) _ 10—10 __ —15-0 __
0| 1 -10 o= = 10 =T =0 1 =9
10—-0 —20-10
1 2 0 ﬁ = 10 41— = —15
—10—10
3| 4 -10
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3. moznost—Newtonov interpolacny polyném

(Priklad, riesennie)

Pouzijeme hodnoty z prvého riadku tabulky (tucne vyznacené) a
dostaneme:

N3 = —10+ 10(z — o) + 0(z — zo)(x — z1)+
(=5)(z — zo)(z — 1) (2 — x2)
=—-10+10(z — 1) + 0(x — 1)(z — 2)+
+(=5)(z - 1)(z - 2)(z - 3)
=—-104+10(z — 1) + (=5)(x — 1)(z — 2)(x — 3).

Newtonov interpolacny polyném ma vyhodu, Ze je, v porovnani s
Lagrangeovou interpolaciou, menej naroc¢né pridat jeden uzol,
protoZe niektoré vypocty ostant bez zmeny.
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Interpolacna chyba

Nech xq, 1, . ..,x, st uzly z intervalu (a,b) a nech funkcia f ma
na tomto intervale n + 1 spojitych derivacii. Potom pre kazdé
x € (a,b) existuje £ € (a,b) tak, Ze plati

FIE©)

(TL T 1)| : 7Tn+1(x)7

f(@) —pn(z) =

kde mp11(x) = (x — zo)(x — x1) - -+ (T — xp).

IMA1 2024



Interpolacna chyba
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Interpolacna chyba
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Linearne splajny

Mame
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Linearne splajny

Mame

f@) | flzo) [ .. | flzn)

Hladame po castiach linearnu a spojita funkciu prechadzajicu uzlami.
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Linearne splajny

Mame

f@) | flzo) [ .. | flzn)

Hladame po castiach linearnu a spojita funkciu prechadzajicu uzlami.

Pozadujeme:
@ spojitost

@ linearitu
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Linearne splajny

(Priklad, zadanie)
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Linearne splajny

@ spojitost a linearita

9 5 a:—% r—3

x6<3’2>:80(fc>:2'3—3+1‘3—3’

E<9 7> (2) =1 r=7 .5 z—3
T = :s1(x) =1- -

2’ ! 73 j=¢

5 x—9 1 x-—7

7,.9) : = —- — .

re(n9) s =5 7—5+5 57
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Linearne splajny
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Kvadratické splajny

PozZadujeme:
@ spojitost
@ vSetky Casti st kvadratické

@ spojitost prvej derivacie
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Kvadratické splajny—priklad

Vsetky casti su kvadratické:

@ vseobecne pre 4 uzly:
x € (x0;21) : So(x) = ap + bo(x — x0) + co(z — 0)2,
z € (x1;22) @ 81(2) = a1 + b1z — z1) + c1(z — 71)?,
T € (T9;73) : 82(2) = a2 + ba(z — 32) + co(x — 32)%.

@ nasa uloha:

o <3, Z> : s0(z) = ap + bo(z — 3) + colz — 3)%,

9 9 9 2
xE<2,7>:Sl(x):a1+b1.<x—2>+cl <x—2) 7

z €(7,9) : s5(x) = ag + bo(x — 7) + co(x — 7)2

Ako urcime koeficienty a;, b;, c;? Zostavime rovnice.
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Kvadratické splajny—priklad (rovnice)

Funkéné hodnoty:
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Kvadratické splajny—priklad (rovnice)

Funkéné hodnoty:

80(3) = g,sl (2> = 1,82(7) = 2,82(9) = 5

Spojitost
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Kvadratické splajny—priklad (rovnice)

Funkéné hodnoty:

Spojitost

S0 <£2)> =5 <g) ,51(7) = s2(7).

Spojitost prvej derivacie

s (3) =5 (3) 510 = s5(1)
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Kvadratické splajny—priklad (rovnice)

Funkéné hodnoty:

Spojitost

S0 <£2)> =5 <g) ,51(7) = s2(7).

Spojitost prvej derivacie

s (3) =5 (3) 510 = s5(1)

Deviata podmienka?
napr.: sy(zo) = 0= cop = 0 (overte si to!)
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Kvadratické splajny—priklad

(Priklad, riesenie)

Funkéné hodnoty:

)
50(3) = ao + bo(3 = 3) + co(3 = 3)* = ap = ap = >

9 9 9 9 9,
J— fr— —_— — — —_—— — p— :1
S1 <2> ai + by (2 2>+C1(2 2) a1 = a1 9

)
82(7) =as + 52(7— 7) aF 62(7 = 7)2 = a9 = G = 5,

5 1
59(9) = ag +b2(9 —7) + c2(9 —7)? = 5 t2e+de =3

= by + 2¢9 = —1.
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Kvadratické splajny—priklad

(Priklad, rieSenie)

Spojitost

A ) 9
50 (2) 2+b0 (2 3> +co(4,5 = 3) S1 (2>

= by + 1,5¢c) = —1,

51(7) = 1 4 by (7—2>+C1 <7_Z)2282(7):Z

- o (3=
e 2) =2
5" 2 =5
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Kvadratické splajny—priklad

(Priklad, rieSenie)

Spojitost prvej derivacie

o 86(33) = by + 200(95 = 3),
e si(x) =b1+ 21 (x — %) ,
o sh(x) =by + 2¢ca(x — 7).
Dosadime
9 9 9
86 (2) :b0+260 (2—3) :311 <2) :bl :>b()+360:b1,

s1(7) = by + 2¢1(7 — 4,5) = 55(7) = by = by + 5¢1 = bo.
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Kvadratické splajny—priklad

(Priklad, rieSenie, pokr.)

Urcili sme 4 koeficienty (ag,a1,as,co) a mame 5 rovnic:

by + 2¢co = —1
bo + 3co = by
b1 +5Cl :bQ
3
bo+§CO =—1

5 +(5>20 _3
21T \2) 1772
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Kvadratické splajny—priklad

(Priklad, rieSenie, pokr.)

Dostaneme:
o z€(3;2) :s0(z) =
oz € (7)) s1(x) =

e x € (7;9) :s9(x) =
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Linearny splajn
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Kvadraticky splajn
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Kubicky splajn

@ spojitost
@ hladkost=spojitost prvej derivacie

@ spojitost druhej derivacie
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Kubicky splajn
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